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Abstract

A Darboux transformation for the relativistic Toda lattice hierarchy is
constructed. As an application, an exact solution of the relativistic Toda lattice
equation is presented.
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1. Introduction

The aim of this paper is to establish a Darboux transformation for the relativistic Toda lattice
(RTL) equation

eXP(Cln—l - qn)
1 +h2exp(gn_1 — qn)

eXP(Qn - Qn+1)
1+h2exp(gn — gne1)’

where h = %, c is the speed of light, g, = ¢g(n) is the coordinate of the nth lattice point,
and g, means the differentiation of g, with respect to time t. The RTL equation was first
introduced by Ruijsenaars [1] and has been studied by many authors. Bruschi and Ragnisco
constructed its Lax representation, recursion operator and Bécklund transformation [2—4].
Oevel, Fuchssteiner, Zhang and Ragnisco presented its master symmetry and bi-Hamiltonian
structure [5]. Suris found its relation to the discrete time Toda lattice [6, 7]. Ohta, Kajiwara,
Matusukidara and Satsuma obtained its Casorati determinant solution [8].
The RTL equation (1) can be written as

Qn = (1 +hq.n71)(1 +hQn)

— (L+1g) (1 + hgnir) (D

Pn = €xXp(@n—1 — qn + hpu—1) — exXp(qn — Gun+1 + hpy),
1+ hq'n = eXP(th)(l + h2 eXP(Qn - 6]n+1))-
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Furthermore, in terms of the new variables r,, and s,, defined by
. exp(hpps1) — 1

n I’l ’
the RTL equation (1) takes the form

rn = eXP(lZn — qn+1 T+ h[’n),

Fn :rn(sn—l _sn+hrn—1 _hrn+l)7 8§y = (1+hsn)(rn _rn+l)- (2)

It is apparent that if 4 = 0 equation (2) becomes the well-known Toda lattice equation [9, 10].
Consequently, the RTL equation is a deformation of the Toda lattice equation [11].

2. New zero-curvature representations of the hierarchy of the RTL equations

Let f = f(n) be a lattice function. Following [12] we specify the shift operator E and the
inverse E~! of E as

(Ef)(n) = f(n+1), (E7'f(n) = fuu, nez,
and below we always write
f® = EFf, kelZ.

Consider the discrete spatial spectral problem

_ _ 0 1 (9

where A is a spectral parameter and r = r(n), s = s(n) are two potentials.
Following [12], we choose the auxiliary spectral problem

m

— ylml [m] _ ai b; m—i bu1 O
I _Z<(h)‘-_1)ci —a,‘))\ +<0 0/’ m =1, “)

i=0
where a;, b;, ¢; are uniquely determined by the following initial condition and recursion
relation:

ap=-3% bp=0, co=0, 5)
et — by =0, k>0, (6)
by +sb" + (0" +a) =0, (7)
(a,ii)l — ak+1) + s(a,(cl) — ak) + h(rbk+1 — c,((i)l) — (rbk — c,&l)) =0. (8)

In particular, we have
ay=hr,by=1,ci =r,
a» = —h*rWOr — % = ?rrY — hrs — hrs©Y — 7, )
by = —hr —hrCY —sCY ¢y = —rs — hr? — hrrV.
It is not difficult to find that the compatible condition of equations (3) and (4),
(E¢)t,,, = E¢t,,,’ m =1,
is equivalent to the discrete zero-curvature equation

U, = (EVI"hyu —uvim, m>1, (10)



A Darboux transformation and an exact solution for the relativistic Toda lattice equation 7737

which immediately gives rise to the hierarchy of equations

rt, = Cm+1 — by,
" " 0 m>1. (11
8y, = —Cp’ +1by —s(a,’ — ay),

When m =1 (set t; = t), the auxiliary spectral problem (4) is
_Ly =D (=D
6, = Vg il — sA — hr S 1
(hr = Dr Ih—hr

and the corresponding equation is nothing but the RTL equation (2). Therefore, (11) is just
the hierarchy of the RTL equations.

(12)

3. A Darboux transformation for the RTL equation

Recall that a gauge transformation of a spectral problem is called a Darboux transformation if
it transforms the spectral problem into another spectral problem of the same type.
Starting from the spectral problem (3), we consider the following Darboux transformation,

¢ =T, (13)
which transforms (3) into the new spectral problem
Edp=U¢, U=1%Uur, (14)

where T = T'(n) is determined later by requiring that U has the same form as U, replacing
r, s with 7, § respectively.
T can be determined as follows. Assume T is of the form

(0 —=v)Ar+u v
T_<(h)\—1)w A+x)’ (15)

where u, v, w, x are four undetermined functions.
Let ¢ = (¢1, )7, = (Y1, ¥2)" be two basic solutions of (3) and Aq, A, be two
solutions of det T (A) = 0. Thus when A = X; (i = 1, 2) two columns of the matrix

T (¢1 Wl) _ ( (I=v)rpr +udr+vdy (1 —v)Ay +uy + vlﬂz) (16)
¢ V2 (hAh — Dwer + A+ x)p2  (hh — Dwip + (A + x)Y2
are linearly dependent. Therefore, without loss of generality we may assume
(I =v)Aip1(A) +udi (X)) +vda (X)) = y; [(1 — v)Ai i () +uir (A) + v ()], i— 10
(hai — Dwe1 (M) + (A + X)p2(Ai) = yil(hai — Dwipi (&) + (i +x) Y2 (1)1, o
(17)
where y1, y» are nonzero constants. Obviously (17) is equivalent to
I—=vA+u+vy; =0, (18)
(h)x, — l)w + ()‘-z +X)X,’ = 0,
where
Ai) — Yiva (A .
O e T ) S 1)
d1(Ai) — it (As)
Solving (18) we obtain
_ A X2 — Aax1 v = Az — A
Xt— X2 —A+A X1 — X2 —Ai+A 20)

w— (A2 = A x1x2 ‘o Aixi(hia — 1) = Ao xa(hdy — 1)
xo(hry = 1) = xi(hao — 1)’ Xo(hhy = 1) = xi(haa = 1)~
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Furthermore, from (3) and (19), we get
a _ él)()w') —Yi 2(1)()~i) _

(h)\, — 1)}’ + ()\,, +S)X,'

P = - =
' f)()»i)—)/i 1()()\1‘)

which can be written as
m_ Hi

i k)
Vi

i=1,2,

where
wi = (hri = Dr + (& +5) Xi.
Through a direct calculation we obtain

a _ AoV — AafLiva

u ,
H1v2 — pavy — (A1 — A2)vi1p
wh = (A — A2
pavi(hiy — 1) — pyva(hry — 1)
and

w=vVr,u® 4500 = x.

v

k] i=1129
Xi

21

V=g i=1,2. 22)
(A2 — ADving

miva — pavy — (A — A2)viva

ay _ Mpva(hry — 1) = Aopovi(hay — 1)

movi(hAy — 1) — pyva(hiy — 1)

M _

)

(23)

(24)

For T defined by (15) and (20), we have the following proposition.

Proposition 1. The matrix U defined by U = TYUT " has the same form as U, in which
the old potentials r and s are mapped into ¥ and § according to

r—w

7=
1—v

Proof. Let us write

, §=hw®+xV 45— x—

r—w

hv. 25)

1—v

) * Su(x,n) f12()»,n)>
T _<f21(k,n) fa,n))’

where T* is the adjoint matrix of T and satisfies T~! = T*/det T.

Through a direct calculation we find that
Jai,n) =0,

Therefore, we have
TOUT* = (detT)Q,
with
On

_ On
Q= <Q21)L + 01

Onki+ 0,

k,l,i =1,
On the other hand, from (20) we know that
detT = (1 —vA+u)(A+x)—(hh— Dvw =1 —v)(A — L)X — Xp).

2. (26)
27)

(28)

)

where Q1, O, and Q;; (i, j = 1, 2) are undetermined functions.

Equation (28) can be written as
Ty = QT.
Substituting

ro_ (A =vh+u®
U = Duw®

(29)

o
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into (29) we arrive at

vV (ha — Dr = 01 — vA) +ul + Q1a(hr — Dw, (31)
A=A +uP + e +5v = Qv+ Qp(h +x), (32)
o+ xD)(hr — Dr = (Qa1k + QDI — VA +ul + (Qnh + Q2) (hh — Dw, (33)
(. — DwP + o+ xD)y (A +5) = (Qar + Q1)v + (Qnr + Q1) (A +X). (34)
Comparing the coefficients of M ( j =0,1,2) gives rise to
r—w
01 =0, On=1, On =1, Q21=h1 S
Q2=hw“)+x(l)+s—x—hr_wv=§, Q1=w_r.
1—v 1—v
Therefore
r—w
Onr+ 0, = (hr — 1)1— = (hr — DF.
— v
Hence we obtain
0 1 .
0= <(h/\— D7 x+§> =U.
The proof is completed. U

Now let us consider the action of (13) to the spectral problem (12). Under the
transformation (13), the spectral problem (11) is transformed to the following new spectral

problem:

¢~7r — f/[lJJ,’ vl = (T, + TV“])Tfl_

(35)

We claim that if ¢ = (¢1, )7, ¥ = (Y1, Y»)T are two basic solutions of both (3) and (12),
then V! has the same form as VU!I; that is, the following proposition holds true.

Proposition 2. Under transformation (13), the corresponding matrix VI is of the form

ol —In—hFD — 5D 1
B (hi. — 1)F Lv—ni)

where 7 and § are defined by (25).
Proof. If we write

T,+TVhT* = (
(t ) g21(A,n)  gn(i,n)

gll()\'vn) gn(h”))

then through a straightforward and tedious calculation using the identity

Xis = (M) = (hdi = Dr+ G = hr +hr=Y +50) i — 7, (36)
&1 —viv/,
we know that g1, (X, n), g12(X, n), g21(X, n), g22(A, n) are cubic polynomials of A and
8k (ri,n) =0, k,l,i=1,2.
Therefore we may assume that
RiiA+R R
T, + TVI)T* = (det T)R R=(" ! 12
(T + TVI)T* = (det TR, (R21“R2 RoraR) O]

where R, Ry, R3 and R;; (i, j = 1, 2) are undetermined functions.
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Equating the coefficients of A; (j = 0, 1, 2) on both sides of the equation
T, + TV = RT,

we get
R : Rin=1 Ry = X Ry =h-—" = h7
= ——=, =1, = —, = = nr,
1 > 12 2=3 21 T~
r—uw r-—w
Ry=—h = —hF, R, =— = —F,
1—v 1—v
Ri=u—hrTY +hrTYy — sV 4 sCDy —hw — x
— _pFh 5D
Hence
_ly =D (=D
PO L) =
(hA — 1F In—hF
The proof is completed. O

Combining propositions 1 and 2, we know that transformation (25) transforms U, V! to
U, V1 with the same form, respectively. The following theorem holds.

Theorem 1. Let
r—uw r-w
§=hw®+xD 45— x—

= :
1—v 1—v

hv. (38)

If r,s solve (2), then so do 7,5 and transformation (¢;r,s) — ((}5; 7,5) is a Darboux
transformation of (2).

4. An exact solution of the RTL equation

Now let us apply the Darboux transformation to construct an exact solution of the RTL
equation. Choose a seed solution r = 1, s = 0 of the RTL equation (2). Then the spectral
problems (3) and (12) read

0 1 —Ix—n 1
o =< >¢, ¢t=< 2 )¢, (39)
hr—1 A hh—1 fr—h

which have two real basic solutions

b = e ( (32 + ;)"1) ’ = e ( (32— ;)"1) ’
(3r+¢)"” (32 —¢)"

where
¢ = \Jhr—1+122.
Thus we get
X1 = (%)»1 + CI)HI e — Vl( A — ;1)"“
(Gra+a) e —yi(za—a)" (40)
X2 = (322 + §2)n+1 e — (3 — 2)””
R e e
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where A, A are arbitrary nonzero constants and

G = /hh — 1+ 122, i=1,2.

Finally, we obtain a solution of the RTL equation (2)

. A2 — A 1
F=1+————xix2(x1 — x2+ A2 — A1) (A2 — A1),
X1 — X2 P2
AM—A )
§:¥+_1_ﬁ’

X1—x2 % o
where

81 = Aa(hha — L+ hox2) (WPhy — h — x1) — Ai(hhy — L+ A x1)(W*ho — h — xo),
8 = (1 — x2)(hdy — D(hdy — 1) + x1x2(A1 — A2),

o1 =hOax2 — 2ax)(ax2 — Aix1),

P2 =hOax2 — rax) (1 — x2) + (x1 — x2)*.

5. Concluding remarks

In this paper, we have established a Darboux transformation for the RTL equation and
obtained an explicit solution of the RTL equation. It is a pity that we have not known the
interest in physics of the solution.

It is worth mentioning that starting from the spectral problem

- - 0 1 _ (¢
E¢=Ug, U= <(oz)»+,3)r A+s)’ ¢ = <¢2 )’ @1

Ma and Xu [12] have derived the hierarchy of the combined TL-RTL equations. In an exactly
analogous way, we can construct the Darboux transformation and explicit solutions of the
hierarchy of the combined TL-RTL equations. We will report this result elsewhere.
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